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Most existing adsorption models do not properly consider steric hindrance effects 
of preadsorbed solutes. As a consequence, the models often fail to represent the 
adsorption kinetics and equilibria accurately. In this work, we extend the random 
sequential adsorption concept for irreversible adsorption to analyze reversible ad- 
sorption on a continuous surface and a random site surface. Based on simulation 
results of these processes, general kinetic equations for one-component adsorption 
are developed. The equations are used to correlate chromatography frontal curves 
of lysozyme and isotherm data of ethane adsorption on activated carbon and ethylene 
adsorption on a molecular sieve. The significance of the equations, as compared 
with the Langmuir equation, lies not only in their ability to correlate the experimental 
data more accurately, but in the physical significance of the adsorption parameters 
such as the maximum adsorption capacity obtained from the correlation. Our study 
shows that steric hindrance effects alone result in nonlinear Scatchard and Hill plots 
with negative cooperativity. 

Introduction 
Adsorption, which involves preferential concentration of 

solute(s) at a liquid/solid or gadsolid interface, is of great 
interest in various fields of science and engineering. For ex- 
ample, by virtue of its high selectivity, adsorption chroma- 
tography is widely used for analysis of complex mixtures and 
for separation and purification of chemicals and biochemicals 
(Scope, 1982; Regnier, 1983; Wankat, 1990). Adsorption is 
also one of the crucial steps in heterogeneous catalysis, which 
is used in the manufacture of about 50% of the products in 
the chemical industry (Ben-Avraham, 1990). Understanding 
the rate of adsorption and the approach to equilibrium is a 
key issue in many engineering applications. 

Many adsorption models, primarily for equilibrium iso- 
therms, have been proposed. The most frequently used ones 
are the Langmuir model (Langmuir, 1918) and its various 
modified forms (Markham and Benton, 1931; Fowler and Gug- 
genhein, 1939; Fritz and Schlunder, 1974), the Freundlich 
equation (Freundlich, 1926), the BET equation (Brunauer et 
al., 1939), the IAS (ideal adsorbed solution) model (Myers and 
Prausnitz, 1965; Glessner and Myers, 1969; Radke and Praus- 
nitz, 1972) and the SDM (stoichiometric displacement model) 
(Kopaciewicz et al., 1983; Rounds and Regnier, 1984). All these 
have a common limitation, that is, none of them properly takes 

into account the steric hindrance (blocking) effects of the 
preadsorbed solutes. 

In contrast to the large number of available isotherm equa- 
tions, very few intrinsic kinetic equations have been proposed 
or verified. This may be in part due to the difficulties in ob- 
taining accurate experimental kinetic data, although various 
optical techniques have been developed to measure the ad- 
sorption rate for single component systems (Cuypers, 1976; 
Kop et al., 1984; Leininger et al., 1984; Tiefenthaler and Lu- 
kosz, 1989; Ramsden,l992). 

The most widely used kinetic equation is that due to Lang- 
muir (1918): 

dB * 
dt 
- = koc( 1 - e") - kae* 

where 0 * = q/qm is the fractional amount adsorbed, q is the 
amount adsorbed per unit mass or volume of adsorbent, and 
qm is the maximum adsorption capacity. The symbols t, c, k,, 
and kd have their conventional meanings, that is, adsorption 
time, solute concentration in the solution directly in contact 
with the surface, and adsorption and desorption rate constants, 
respectively. 
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This model is based on the assumption that, the adsorption 
site density, psire, is so low that the average distance between 
two adjacent sites is larger than the solute diameter. Thus, 
provided the solutes adsorb centered on the sites, the occu- 
pation of a site by a solute will not affect the accessibility of 
any other sites by new solutes. In this case, clearly, qm = psire 
and the fraction of available sites is simply by 1 - O * .  

We argue that these assumptions are invalid in many ad- 
sorption processes, particularly those involving the adsorption 
of large molecules on a surface with high psite. In this case, the 
occupation of a site will exclude some other sites from further 
occupation, and steric hindrance effects become significant. 
Therefore, the simple Langmuir model is inadequate for de- 
scribing the adsorption kinetics and equilibrium isotherm 
(which is just a special case of the former). A good example 
is the inability of the model to correlate accurately the break- 
through curves of proteins (Skidmore et al., 1990; Mao et al., 
1991). 

To illustrate the concept of steric hindrance, we introduce 
the following model. The solutes are represented as hard spher- 
ical particles of diameter u, while the adsorbent is a planar 
surface of area L2 onto which a number, Nsite, of adsorption 
sites have been distributed at random. Consider a typical ad- 
sorption configuration, as shown in Figure 1. The shaded area 
represents the union of the exclusion circles, each of diameter 
2a, of all adsorbed particles. Any site lying within this area 
cannot be occupied by an additional solute, since this would 
rPsult in overlap with preadsorbed solutes. Only those sites 
lying within the white (unshaded) areas are available. It is 
evident that the fraction of available sites, which we denote 
by 4, is no longer simply related to the coverage by 1 - 0 *. To 
account for steric blockage, a generalized Langmuir equation 
can be used, in which the (1 - 0 * )  term in Eq. 1 is replaced by 
the function 6: 

de * 
-= k& - k,jO * 
dt 

The concept of 4 was first introduced by Widom (1966) for 
irreversible adsorption on a continuous surface (CS), on which 
a solute may adsorb in any location (in this case, 4 is known 
as the available surface function). The CS is an appropriate 
model for hydrophobic adsorption surface, onto which solutes 
bind via nonspecific hydrophobic interactions. 

When exclusion effects are significant, q5 depends on the 
way that the particles are introduced into the surface. One 
method, corresponding to an irreversible adsorption process, 
is to use the random sequential adsorption (RSA) algorithm: 
(1) the center of a solute is placed at a randomly selected 
position (or site) on the surface; (2) if the trial solute does not 
overlap with any of preadsorbed solutes, it is fixed permanently 
in this position (or site); and (3) otherwise it is rejected. If the 
trials are continued, the surface approaches a saturated state 
(the “jamming limit”) in which no position (or site) on the 
surface is available. 

The RSA of various systems, both on lattices and continuous 
substrates has been studied by numerous investigators, pri- 
marily from an applied mathematics/theoretical physics view- 
point (Bartelt and Privman, 1991; Evans, 1993). However, 
some attempts have been made to apply the model to the 
irreversible adsorption of proteins (Feder et al., 1980a), latex 
spheres (Onoda and Liniger, 1986), and colloids (Adamczyk 

Figure 1. Configuration generated by an RSA process 
on a random site surface. 
Adsorbed solutes and adsorption sites are shown as black circles 
and points, respectively. Sites which lie within white (unshaded) 
area are still available for adsorption. The surface coverage of 
the adsorbed solutes is 8=0.3819. 

et al., 1983; Privman et al., 1991). We note in particular the 
recent work of Ramsden (1993) who studied the adsorption 
kinetics of transfer in on a planar TixSi,-,O2 ( ~ ~ 0 . 3 )  surface 
with an optical waveguide technique. He attempted to verify 
the series expansion of 4 for low to intermediate coverages 
(Schaaf and Talbot, 1989a), and the asymptotic behavior at 
high coverage (Feder, 1980b; Pomeau, 1980; Swendson, 1981) 
in RSA in two dimensions. 

Recently, the RSA method has been extended to the random 
site surface (RSS), which provides a model for affinity ad- 
sorbents (Jin et al., 1993). In this model, the adsorption sites 
are represented as points which are randomly distributed on 
the surface. The justification for this is that an affinity ad- 
sorbent, in general, is produced by immobilizing certain af- 
finity ligands on porous silica, agarose, and synthetic polymers. 
Although the active ligands may be regularly spaced on a one- 
dimensional polymer chain, the random folding of these chains 
during the formation of the adsorbent particle results in a 
disordered distribution of the active groups on the adsorbent 
surface. Due to their finite size, the distribution of the ligands 
cannot be completely random, however, we believe that the 
RSS provides a reasonable description. 

As indicated, RSA is a model for irreversible adsorption. 
However, most systems which are important for separation or 
catalysis involve reversible adsorption. Generalized RSA proc- 
esses, which permit either desorption or surface diffusion, have 
been introduced by Tarjus et al. (1990). The range of validity 
of the theoretical expansions obtained by these authors is lim- 
ited to low surface coverages. In this study, we have developed 
algorithms to simulate RSA with desorption, referred here as 
random reversible adsorption (RRA), on continuous and ran- 
dom site surfaces. Based on the simulation results, correlations 
for 4 as a function of O on a CS and as a function of 8 and 
pSite on a RSS are proposed. Subsequently, adsorption equa- 
tions which properly incorporate the steric hindrance effects 
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of the preadsorbed solutes on the adsorption kinetics and equi- 
librium are developed. The equations are then applied to cor- 
relate chromatography protein breakthrough curves and 
adsorption isotherm data for gas adsorption on activated car- 
bon. For the selected systems, the new equations correlate the 
experimental data much more accurately than the Langmuir 
equation. 

Theoretical Framework and Computer Simulation 
Algorithms 

An important parameter which characterizes the adsorption 
of spherical particles of diameter u on a RSS is the relative 
site density: 

AU2 
Q = 4 Psite (3) 

Physically, Q represents the average number of sites contained 
within an area equal to one solute cross section. 

The available surface function on a CS is defined as: 

(4 )  
available surface area 

'= total surface area 

while on a RSS, we interpret 4 as the fraction of sites which 
are available: 

* ( 5 )  
number of available sites 

'=total number of adsorption site of the surface 

For irreversible adsorption on a CS (denoted as RSA-CS), 
4 is a function only of surface coverage, 8, while for irreversible 
adsorption on a RSS (denoted as RSA-RSS), 4 is a function 
of O and a. 

As first pointed out by Widom (1966), the configurations 
resulting from an irreversible process (RSA) are different from 
their equilibrium counterparts. Figure 2 shows an equilibrium 
adsorption configuration. Although the surface coverage of 
the configuration is exactly the same as the irreversible con- 
figuration shown in Figure 1, the white area (or the number 
of sites contained within this area) in Figure 2 is larger than 
that in Figure 1. In other words, at the same surface coverage, 
an equilibrium configuration has a larger available surface than 
a configuration generated by an irreversible process. Some 
insight into this difference is provided by considering a jammed 
RSA configuration for which the available surface is zero. The 
equilibrium system at the same coverage is characterized by 
fluctuations which ensure that the available surface is nonzero. 
RSA is a highly inefficient way to cover a surface. Any relax- 
ation mechanism allows for more efficient packing and leads 
eventually to equilibrium. 

For random reversible adsorption on a CS (denoted as RRA- 
CS), 4 is a function of both O and K * :  

where K * is defined as: 

(7) 

Figure 2. Same as Figure 1, except that the configura- 
tion is an equilibrium one. 
Note that although coverage is the same as in Figure I ,  the avail- 
able surface (white area) is larger. 

At equilibrium, the surface coverage, Oeq, becomes a unique 
function of K*. Therefore: 

Similarly, for random reversible adsorption on a RSS (denoted 
as RRA-RSS), 9 is a function of 0, K *  and a: 

while at equilibrium, 4eq is described by: 

Various theories for t$RSA(0) (Schaaf and Talbot, 1989a), and 
+RSA(a,O) (Jin et al., 1993) have been tested with simulations. 
In this work, we extend the simulation methodology to include 
desorption. For irreversible adsorption on a CS, the computer 
simulation process can be summarized as follows. Starting 
from a clean surface, a position on the surface is randomly 
chosen. If a solute, when centered in this location, does not 
overlap with any of preadsorbed solutes on the surface, the 
adsorption attempt is accepted and the solute remains at the 
position permanently; otherwise the particle is removed. The 
surface coverage, 0, and +RSA are evaluated periodically. At- 
tempts are made to add new particles until the system is close 
to saturation. The final jamming limit configuration is reached 
by randomly placing solutes in the tiny target areas present, 
and the jamming limit surface coverage, O,, is evaluated. All 
the simulations were performed in a square area ( L  x L )  with 
periodic boundaries. The system size is characterized by the 
relative area of one solute: 

7VJ2 

4L2 
a=- 
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The smallest time unit in the simulation is the interval between 
two sequential adsorption attempts. With this time unit, 0 
depends not only on the number of adsorption attempts, No, 
but also on the system dimension used for the simulation. For 
example, after the first adsorption attempt, the coverage is 
€'(No= 1 ) =  aa2/4L2, where u is the solute diameter. We there- 
fore define a reduced simulation time, t', as: 

* 7ru2 t =-No 
4L2 (12) 

so that 0 (  t') is independent of system dimension. 
For the RSA-RSS process, the simulation is similar to that 

described above except that initially NSite adsorption sites are 
placed randomly in the square of area L2. For each adsorption 
attempt, a trial solute is centered on a site selected at random. 
If there is no overlap, the solute remains on the site perma- 
nently, otherwise the solute is rejected. The evaluation of 
dRSA(or,O) and the jamming limit coverage, 0,(a), in this case, 
is much simpler than for the RSA-CS process since the available 
sites can be easily identified. The simplest way to reach the 
jamming configuration in the final stage is to loop through 
the available sites in the same order in which they were gen- 
erated. In this way the jamming configuration can be reached 
in just Nsite attempts. 

The relationship between t * and the time, t ,  appearing in 
Eq. 2 may be established by considering the first simulation 
step (No = 1) during which one particle is placed on an empty 
surface. According to Eq. 2, the time interval, At,  for this 
event is: 

,a2 
4L2koc 

A t = -  

~ 

(J.0 C.2 0.4 C.6 s.t' 1 0  

Figure 3. Available surface function, 4, as function of 
normalized surface coverage, $*, for the RSA- 
RSS process. 

9 

From top to bottom: a = O  (Langmuir), 0.1. 0.2, 0.5, 1.0, 2.0, 
5.0, 9.0, 50, and 0) (continuous surface). Points are computer 
simulation data and solid lines are predictions of Eq. 23 for finite 
values of 01 and Eq. 22 for the continuous surface (a= m). 

Simulation Results and Correlations 
In adsorption experiments, the accessible quantity is usually 

the amount adsorbed per unit mass or per unit volume of the 
adsorbent, here denoted by q. Only if the specific surface area 
of the adsorbent and the exact molecular dimensions of the 
solute are known, is it possible to compute the absolute surface 
coverage, 0. For the purpose of comparing with experiment, 
the relevant quantity is the normalized surface coverage: 

(17) 
* e  

6- 
6 =- Comparison with Eq. 12 shows that: 

For reversible adsorption, the algorithm is the same as de- 
scribed above, except that after each simulation step, all ad- 
sorbed solutes desorb with probability Pd,. Therefore, in one 
simulation time step, At, the average number of particles de- 
sorbed, - m, is NP,,, whereNis the total number of particles 
on the surface. However, M can also be expressed as: 

Using the value of At (Eq. 13) we establish the relationship 
connecting Pdes, koc, kd and system dimension: 

(16) 

To test a particular solute for desorption a uniform random 
number, < (0< r< l ) ,  is generated by the computer: if << Pdes, 
then the solute is removed from the surface; otherwise it stays. 
Such adsorption-desorption processes continue until equilib- 
rium is reached at which deq = (4L2/aa2) PdesOeq. 

since for monolayer adsorption 0' is equivalent to the ratio 
of q to the maximum adsorption capacity, qm. Figure 3 displays 

Schaaf and Talbot (1989a) found an analytic expansion of 
dRSA on a CS as a function of 0, which is accurate in the coverage 
range, 050<0.25: 

dRSA(a,e *) VS. 6 *. 

According to Pomeau (1980) and Swendsen (1981), the cov- 
erage evolves as a power law near the jamming limit: 

where 5 is a constant which we estimate as 0.2455 from our 
simulation results. Since dRSA is related to 0 as: 

then near the jamming limit coverage: 
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1 dRSA(e) = - (e, - 0)3 
2t2 

For (=0.2455 and 8,=0.5474, ("is 1.355. 

empirical equation is proposed: 
Based on the known behavior of dWA, the following semi- 

where a, = - 0.8120, a, = 0.2366, a, = 0.0845, and a, = 0.2330. 
The coefficients and the form of the equation have been chosen 
to reproduce both the short-time (Eq. 18) and asymptotic (Eq. 
21) behavior. Equation 22 describes the simulation results more 
accurately than the previous fitting functions proposed by 
Schaaf and Talbot (1989b). 

The fit to the simulation data may be further improved by 
allowing all the coefficients in Eq. 22 to vary freely, with the 
result that a, = - 0.8237, a2 = 0.4580, a3 = - 0.6700, and 
a4 = 0.8700. As can be seen in Figure 3 (the lowest curve, a = m), 
the agreement between this fitting function and simulation data 
is excellent. 

An analytic solution of dRsA(B*,a) has been found by Jin et 
al. (1993) based on a mapping between the RSA-RSS and RSA- 
CS processes. However, the solution is quite complicated for 
practical purposes. We therefore developed a simple empirical 
equation of $RSA(O *;a) which is accurate over the entire O* and 
a ranges: 

where B, and B, are functions of a: 

(24) 
0.7126a + 1.404al,5 

1 + 3.4363a + 2.4653a1.' 
B, = 

0.07362~ + 0.1204a'.5 
1 + 0.5443~ + 0.2725d5 

Bz = 

We note that the form of Eq. 23 has the desired properties of 
dRsA(B * = O , a )  = 1 ,  dRSA(B * = l,a)=O, and dRSA(O *,a=O) 
= 1 -0*). Comparisons between the simulation data and Eq. 
23 (the solid lines) are shown in Figure 3. 

For the RSA-RSS process, the simulated values of O,(a) at 
different CY values are plotted as points in Figure 4. At least 
40 runs are made for each a, and the data shown in Figure 4 
are the average values. The relation between &(a) and a can 
be very well represented by the following equation (Jin et al., 
1 993) : 

1 +0.3136az+0.45a3 
1 + 1.8285a + 0.5075a3 + 

shown as solid line in Figure 4. 

coverage, O *  ( f * , a ) ,  is defined as: 
Similarly, for the RSA-RSS process, the normalized surface 

I -,.--I 
0 20 40 60 8C 100 

Figure 4. Saturation coverage, &(a), as function of rel- 
U 

ative site density, a, for RSA-RSS process. 
Simulation results are shown as crosses, and solid line shows 
predictions of Eq. 26. 

A number of selected simulation results for dRSA(0*,a) vs. 0* 
at a fixed a are plotted in Figure 3. 

We next consider reversible adsorption processes. +RRA(B,K* ) 
from computer simulation at four different values of K* are 
plotted in Figure 5 together with $RSA and 4eq in a narrow 
coverage range near equilibrium. At the same surface coverage, 
deq is always greater than dRSA. However at low coverages, 
dRSA and deq appear to be very close to each other. For a given 
4, the corresponding equilibrium coverage is always higher 
than that of irreversible adsorption. The kinetic history of 
reversible adsorption always lies between the irreversible ad- 

" i 0.12 ' ' 1 ' .o ' ' 

0.8 

0 , 1 0 1  0 .6  

0.00 1 , , 1 1 1 # / ,  >- -3 
0.35 0.40 0 45 0 50 

8 

Figure 5. Adsorption kinetics on continuous surface. 
The bottom line shows irreversible, or RSA kinetics, while broken 
lines show four examples of transient kinetics with K' = 5, 10.0, 
20.0, and 30 (top to bottom). The upper line is locus of equilibrium 
states that transient curves approach. Inset shows behavior over 
entire coverage range. 
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Figure 6. qPq(t9) vs. 0 on continuous surface: simulation 
data (+) and prediction of Eq. 28 (- ). 

sorption line and the equilibrium curve (see Figure 9, that is, 
$RSA(6) 5 $RRA(6,K* ) s Geq(6). The reason for this has already 
been hinted at: the dynamic rearrangement of configuration 
which accompanies desorption frees additional available sur- 
face. At a given coverage in a disordered system, the available 
surface is a maximum at equilibrium. It is worth noticing that 
near equilibrium, $RRA(6,K* ) decreases very slowly. 

Schaaf and Talbot (1989b) presented an equation for 4eq as 
a function of 0, which is derived from a semi-empirical equation 
of state proposed by Henderson (1975): 

Comparison with simulation data (Figure 6) shows that this 
equation is accurate at least for the range of coverage studied 
in our simulation, 0~0~0.60. It is known that the accuracy 
decreases as the coverage increases. One problem with Eq. 28 

0.00 0.10 0.20 0.30 0.40 0.50 
9 

Figure 7. Simulation results of @q(a,O) vs. 8 on random 
site surface. 

is that +eq approaches zero at 0 = 1 ) which is physically incon- 
sistent since the maximum possible monolayer coverage is 
0.9069, that is, the coverage that corresponds to close trian- 
gular packing (Berryman, 1983). 

For RRA-RSS process, as indicated by Eqs. 9 and 10, $ is 
a function of three independent variables for kinetics and two 
independent variables at equilibrium. Here we report the sim- 
ulation results for Geq(6,a) vs. 6 at different a (see Figure 7) 
and dRRA(8,a = 6,K') vs: 0 for various values of K a  (see Figure 
8). We see that at a fixed a, similar to the RRA-CS process, 
$RRA(a,6,K*) always lies between $RSA(a) and the 4eq(a,0eq). 

Tarjus et al. (1990) have obtained the coverage expansion 
for I # J ~ ~ ~ ( ~ , K * )  to third order. However, only values of K* s 2 
are within the range of validity of the expansion. At present, 
no theories or empirical correlation equations are available for 
the $RRA(a,O,K*) and $eq((cu,6"l). However, from the simulation 
results, we conclude the following: 

(1) For adsorption on a CS, a system with a small K* has 
a low equilibrium coverage, Oeq, and qPRA(O,K") is almost iden- 
tical to dRSA(0) in the range 0s0sOeq. Therefore, GRRA(O,K*) 
can be well approximated by (bRSA(0). 

(2) For a system with a very large K* the adsorption process 
is effectively irreversible over a relatively long time interval 
which may be comparable to the time scale of experiment; 
therefore the adsorption kinetics can still be well represented 
by that of irreversible adsorption. The reversible kinetics be- 
comes quite different from that of irreversible adsorption at 
the later stages. 

(3) For adsorption on a RSS, at a given K * ,  the higher the 
a, the greater the difference between $RSA(a,6) and 
$RRA(a,6,K* ). The largest difference between them occurs at 
a-CQ which is the case for adsorption on a CS. Therefore, 
conclusions 1 and 2 apply, a fortiori, for adsorption on a RSS. 

Based on the observations listed above we propose that q5RSA 
or 4% be used to represent the reversible adsorption kinetics 
on a CS at low-to-intermediate coverage, that is, 

O o o L . . L L ~ L ,  t , I * , , I  
0 30 0 35 0 40 0 45  0.50 

9 

Figure 8. Adsorption kinetics on random site surface at 
a=6. 
The bottom line shows irreversible kinetics, while broken lines 
show four examples of transient kinetics with K'= 6.0, 8.4, 18.0, 
and 33.5 (top to bottom). The upper line is the locus of equilibrium 
states that transient curves approach. 
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dt 

(1 - e * ) 3  

I - 0.82378* + 0.45808*,- 0.67008 *3 +0.87008*~ = k,c -kde* 

or 

2 7 e *  
2 - 7 + -  ~ 

dt (1-8 ) 8 

For adsorption on a RSS, since only $RSA is known, the ap- 
proximate kinetic equation proposed is: 

where B *  is defined in Eq. 27 and the coefficients BI and B, 
are given by Eqs. 24 and 25, respectively. 

The corresponding adsorption isotherms can be obtained 
from Eqs. 29, 30, and 31 by setting dO*/dt=O. Obviously, for 
adsorption on a CS, better results are expected with Eq. 30 
which is derived from an (equilibrium) equation of state. As 
mentioned before, for practical applications, the value of 8* 
in the equations can be substituted by q/qm. 

We note that the jamming limit coverage (or the absorption 
capacity) is a function of a as given by Eq. 26. Therefore, 
Eqs. 29 and 30, as well as Eq. 31 have the same number of 
parameters (qm, k,, and kd) as the Langmuir kinetic equation. 

We note that the difference between actual adsorption ki- 
netics and the one represented by Eq. 29 or 31 can be further 
minimized by using an apparent em ( qm) , k,, or kd in the cor- 
relation. For example, in Figure 9, by the simulation, the actual 
adsorption kinetics [e(K*,t*) vs. t * ]  for K*=7.875 on a CS 
is represented by the points. The kinetics calculated by Eq. 29 
with the same value of K* and with 8,=0.547 which corre- 
sponds to the irreversible jamming limit surface coverage, are 
plotted as the dashed line. Obviously, the dashed line is below 
the actual adsorption kinetics since +RSA is smaller than +RRA. 

However, if we use the same K* but let 0, = 0.582, the cal- 
culated kinetics, as indicated by the dotted line in Figure 9, 
becomes quite close to the actual adsorption kinetics. A still 
more accurate correlation, as represented by the solid line in 
Figure 9, is obtained by using a set of apparent parameters: 
K*= 16.136 and 0,=0.537. 

To illustrate the difference and similarity between the Lang- 
muir equation and the equations proposed here, we define an 
apparent adsorption rate constant, ka: 

0.7126a+ 1.404~tI.~ 
1 + 3.4363a + 2.4653d5 e *  

e.2)' (32) 
0.07362a i- 0.1204cr'~' 

1 + 0.5443a + 0.2725~rI.~ 
- 

then Eq. 31 may be rewritten as: 

Figure 9. 

t' 

Surface coverage, e, vs. simulation time, t', 
for reversible adsorption on continuous sur- 
face. 
Diamonds show simulation results with K'=7.875. Lines were 
computed by Eq. 29 with: K*=7.875 and 8,=0.547 (----); 
K *  = 7.875 and B,= 0.582 ( 0 .  .a); and K' = 16.136 and B,= 0.537 
(- ). 

-= d0 * k:c(l-  e*)  - kde * 
dt (33) 

which has the same form as the Langmuir equation except that 
k: is a function of a! and 0'. At a very small (or zero) a or at 
low coverage, k,* is almost equal to k, and Eq. 31 reduces to 
the Langmuir equation. However as a or 8' increases, the 
difference between the two equations becomes significant. 

Experimental Data Correlation and Discussions 
In this section, we use experimental data to test the validity 

of the kinetic or isotherm equations developed here. As men- 
tioned before, the random site surface (RSS) is a model for 
an affinity adsorbent, while the continuous surface (CS) is 
appropriate for systems with hydrophobic interactions. We 
have applied the equations to correlate protein breakthrough 
curves on an affinity chromatography column (a kinetic proc- 
ess) and isotherms of ethane and ethylene adsorption on ac- 
tivated carbon and a molecular sieve, respectively. In the 
former, large solutes in an aqueous solution adsorb on a ran- 
dom site surface, while the other systems have small molecules 
in a gaseous state, which adsorb on a continuous surface. 

Correlation of breakthrough curves of a protein 
To test the validity of Eq. 31 for an affinity adsorption 

system, it has been incorporated into the VERSE-LC (VErsatile 
Reaction-SEparation model for liquid chromatography) com- 
puter program (Berninger et al., 1991) in place of the Langmuir 
kinetic equation. This new version of the VERSE-LC program 
was used to correlate the data of Mao et al. (1991) who reported 
lysozyme breakthrough curves on a chromatography column 
packed with 1.5 pm diameter nonporous silica beads with Ci- 
bacron Blue F3GA immobilized on the surface. The principal 
reason for selecting this data is that the adsorbent is nonporous, 
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so that intraparticle diffusion is absent and the intrinsic ad- 
sorption kinetics is expected to be the rate controlling step. In 
order to calculate the breakthrough curves of this system using 
VERSE, the values of k,, and kd, a, qm, and film mass-transfer 
coefficient, KJ, are needed. For the latter, we used the same 
value reported by Mao et al. (1991), that is, Kf=3.4x 
(m/s). I f  the site density and solute size were known, a could 
be calculated by Eq. 3. However, Mao et al. did not report 
the site density of Cibacron Blue F3GA on the nonporous silica 
beads, mentioning only that it was high. Therefore a, together 
with the values of k,, kd, and qm, were determined by the best 
fit of the experimental data. 

Mao et al. themselves had tried to correlate the experimental 
data by using the Langmuir kinetic equation. The experimental 
data and the effluent histories correlated by the Langmuir 
equation (from Mao et al.) and by our equation with a = 9 are 
plotted in Figure 10 as indicated by the symbols, the dashed 
lines, and the solid lines, respectively. The corresponding sim- 
ulation parameters used to fit the breakthrough curves by the 
two equations are listed in Table 1. 

From Figure 10, we can see that the Langmuir equation fits 
the initial part of the experimental breakthrough curves but 
fails to predict the slow approach to saturation. However, these 
curves are fitted very precisely with the new adsorption kinetic 
Eq. 31. Furthermore, the fit of the data by the Langmuir kinetic 
equation requires a different set of k, and kd for each break- 
through curve at a different solute concentration, c,, whereas 
the new kinetic equation is able to fit all the breakthrough 
curves at the five different values of c,, using just one set of 
k, and kd (see Table 1). 

According to our simulation results, &(a = 9) is about 0.47. 
For a nonporous adsorbent, the experimental 8, can be esti- 
mated from the information of q,,,, solute diameter, and col- 
umn packing. According to Table 1, the average qm for this 
system is about 4.57 [mg(lysozyme)/mL(adsorbent)]. The mo- 
lecular dimensions of lysozyme are reported as 45 x 30 x 30 
A(Jol1es and Jolles, 1984). If we take the effective lysozyme 
diameter as 35 A, then we estimate the experimental 0, as 
0.4665. This is surprisingly close to that obtained from sim- 
ulation. The result in one way supports our argument that with 
a large K* the adsorption is effectively irreversible on the time 
scale of the experiment. On the other hand, it gives a justi- 
fication for the proposed value of a. 

For both the Langmuir equation and the new kinetic equa- 
tion, qm must be varied in order to match the lysozyme break- 
through times at different concentrations. In our case, qm 
consistently increases with lysozyme concentration in the so- 
lution. However, in the result reported by Mao et al., qm varied 
randomly. The consistent increase of qm with c may result from 
one or more of the following: (1) loss or degradation (or foul- 
ing) of immobilized Cibacron Blue ligands during experiments 
(if high concentration runs preceded the low concentration 
runs); (2) aggregation of lysozyme; and (3) more than one 
adsorption orientation for lysozyme on the solid surface. 

Aggregation of proteins in solution and on solid surfaces 
has been reported previously (Kunitan et al., 1988; Karger and 
Blanco, 1989; Grinberg et al., 1989; Blanco et al., 1989). In 
a system with solute aggregation, the fraction of aggregates to 
monomer is higher at a higher c, which in turn gives a higher 
fraction of aggregates to monomer on the solid surface. The 
surface area occupied by an aggregate of n monomers is, in 

n 20 40 50 8 ‘j I00 
Tire [mi- ] 

Figure 10. Prediction of Lysozyme breakthrough curves 
by LE (----) and by Eq. 31 (- ). 
Symbols are experimental data of Mao et al. (1991). Bulk con- 
centrations, c,,, corresponding to each of five breakthrough 
curves, together with model parameters, are listed in Table 1. 

general, less than the sum of areas occupied by n monomers 
independently. Therefore, on the same surface area the total 
amount of solutes (in terms of monomers) adsorbed, and hence 
qm, increases with increasing c. 

A possible explanation for the effect of orientation is as 
follows. Since k,  is very small the adsorption process may be 
considered as irreversible on the limited experimental time 
scale. Lysozyme may adsorb with two different orientations, 
with either the side of 45 a x 30 A, defined as “side-on,’’ or 
with the side of 30 A x 30 A defined as “end-on.” We assume 
that molecules in an “end on” orientation have a tendency to 
convert (irreversibly) to “side on” since in the latter state, the 
molecule contacts a larger area of the solid surface and is 
thermodynamically more stable. The initial ratio of the two 
orientations may be considered to be independent of c. How- 
ever, more solutes with initial “end-on” orientations can con- 
vert to “side-on” orientations at low bulk concentration. In 
this case, total adsorption rate is slow, and new solutes are 
less likely to arrive in the neighborhood of an adsorbed solute 
before it has the time to complete its orientational conversion. 
As a result, the lower the c, the greater the fraction of solutes 
with the “side-on’’ orientation and hence the smaller the qm. 
Orientation effects were reported experimentally by Brynda et 
al. (1986) and explained by Lundstrom (1983). 

Table 1. Simulation Parameters Used to Predict Breakttrough 
Curves of Lysozyme by LE and Eq. 31 at cu=9 

9 m *  ka 9 kd,. 
(rng/mL Sorbent) (mL/mg.min) (l/mm) Curve c,, 

No. (mg/mL) LE EQ31 LE EQ31 LE EQ31 
1 0.100 5.030 5.050 26.88 40.00 0.1478 0.002 
2 0.065 4.825 4.750 33.90 40.00 0.1865 0.002 
3 0.045 4.722 4.532 38.88 40.00 0.2138 0.002 
4 0.030 4.671 4.425 36.30 40.00 0.1997 0.002 
5 0.018 5.082 4.425 38.88 40.00 0.2138 0.002 

*The parameters listed under LE are from Mao et al. (1991). The predicted 
breakthrough curves are plotted in Figure 10 with the corresponding curve 
number indicated. 
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Table 2. Correlation Results for System of Ethane Adsorption 
on Activated Carbon at Four Different Temperatures* 

Esuation T(K) 4, K Root MSE R-Square 
Langmuir 
Eq. 29 
Eq. 30 

Langmuir 
Eq. 29 
Eq. 30 
Langmuir 
Eq. 29 
Eq. 30 

Langmuir 
Eq. 29 
Eq. 30 

293.15 
293.15 
293.15 

313.15 
313.15 
313.15 
333.15 
333.15 
333.15 

363.15 
363.15 
363.15 

5.7801 
7.8921 

13.3570 

5.4425 
7.7740 

13.3681 
5.0454 
7.6358 

13.3543 

4.4535 
7.2182 

12.8 174 

0.010434 
0.013377 
0.009030 

0.007457 
0.007869 
0.004969 
0.005156 
0.004457 
0.002587 

0.003580 
0.002581 
0.001480 

14.40930 
4.90013 
3.60271 

14.04839 
4.66447 
3.08406 

11.5 1479 
4.96860 
3.98463 

9.325 15 
5.02423 
4.50993 

0.9929 
0.9992 
0.9996 

0.9945 
0.9994 
0.9997 
0.9963 
0.9993 
0.9995 

0.9974 
0.9993 
0.9994 

~~~ ~~~ ~ 

'From Szepesy and llles (1963). 

Correlation of adsorption isotherm data 
In this section, the two parameter (qm and K )  isotherm forms 

of Eqs. 29 and 30 are used to correlate the isotherm data of 
ethane adsorption on activated carbon at 293.15, 313.15, 
333.15, and 363.15 K (Szepesy and Illes, 1963). Ethane ad- 
sorption on activated carbon is a physical adsorption process, 
which suggests that the carbon surface can be considered as 
continuous and Eqs. 29 and 30 can be used. For comparative 
purposes, the isotherm data are also correlated by the Lang- 
muir equation. The correlations are performed with the SYN- 
LIN procedure from the SAS computer software (Cary, 1988). 
The best fitting parameters (qm and K ) ,  together with the root 
mean square error (Root MSE) and R-square value (R-square 
= 1 for perfect fit) of the correlation for the three equations 
at different temperatures, T, are listed in Table 2. Comparison 
between the experimental data and the correlations by Eq. 30 
are shown in Figure 11. We observe that: (1) according to the 
Root MSE or R-square values, the two equations which in- 
corporate the steric hindrance effect fit the experimental data 
more accurately than the Langmuir equation at all tempera- 

-- -- .- ---.-, ~, 
I 
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Figure 11. Correlation of isotherm data for adsorption 
of ethane on activated carbon by LE (----) 
and Eq. 30 (- ). 
Symbols show experimental data of Szepesy and Illes (1963). 

tures; (2) between Eqs. 30 and 29, slightly better correlations 
are obtained with Eq. 30; (3) q, from Eq. 30 is about twice 
of that from Eq. 29; (4) the values of K obtained from all 
three equations decrease as the temperature increases; and ( 5 )  
qm by Eq. 29 and the Langmuir equation vary with tempera- 
tures, with variations of about 9.0% and 26%, respectively. 
However, with Eq. 30 an almost identical qm is obtained except 
at 333.15 K. 

Result 1 shows that adsorption models which account for 
the steric hindrance effects can represent the experimental data 
much better than the Langmuir equation. Result 2 is antici- 
pated because Eq. 30 uses 4eq, while Eq. 29 approximates 4eq 
with I $ ~ ~ ~ .  For result 3, the large difference between qm from 
Eqs. 29 and 30 can be explained by the different jamming limit 
coverage values used in the two equations, that is, 0.5474 and 
1 .O, respectively. The equilibrium constant, K ,  is inversely 
proportional to qm. The decrease of K with increasing tem- 
perature as mentioned in 4 above is thermodynamically con- 
sistent for an exothermic adsorption process. Probably, the 
most significant result is observation 5; that is, qm obtained 
from Eq. 30 at various temperatures is nearly constant. By 
definition, qm is the amount adsorbed on the surface as solute 
concentration approaches infinity. With this definition, qm is 
a purely geometric property if the solute contains a hard core. 
Therefore, qm should be independent of temperature provided 
that the thermal expansion of the adsorption surface and solute 
size is negligible. This near invariance of qm with temperatures 
is another strong indicator of the validity and physical signif- 
icance of the new adsorption equation. For comparison, we 
note that Valenzuela and Myers (1989) correlated the same sets 
of data using the Toth (Toth, 1971) and UNILAN (Honig and 
Reyerson, 1952) equations. Even with these three parameter 
isotherm equations, qm is not constant: about a 9% variation 
for the Toth and 21% for the UNILAN were reported. 

Similar correlation results are obtained for the adsorption 
isotherm data of ethylene adsorption on a molecular sieve at 
212.70, 260.20, and 301.40 K (Nakahara et al., 1974). The 
correlation results and the parameters from the correlations 
are listed in Table 3. 

In practice, one identifies whether an adsorption isotherm 
is of the Langmuirian type by a Scatchard plot (Scatchard, 
1949) of the isotherm data: only if the plot is linear is the 
isotherm regarded as Langmuirian. The curvature in a Scat- 
chard plot is commonly interpreted as either the result of mul- 
tisite binding or heterogeneous adsorption sites or both. As 

Table 3. Correlation Results for System of Ethylene 
Adsorption on Carbon Molecular Sieve at Three Different 

Temperatures* 

K Root MSE R-Square Equation T(K) qm 

Langmuir 278.65 2.7648 0.1183 2.26087 0.9948 
Eq. 29 278.65 3.5419 0.2146 0.27326 0.9999 
Eq. 30 278.65 5.8568 0.1640 0.44255 0.9998 

Langmuir 303.15 2.5073 0.0745 2.21109 0.9952 
Eq. 29 303.15 3.4771 0.0873 1.09213 0.9988 
Eq. 30 303.15 5.8810 0.0591 0.95146 0.9990 

Langmuir 323.15 2.2416 0.0483 1.75613 0.9969 
Eq. 29 323.15 3.3212 0.0444 1.22516 0.9985 
Eq. 30 323.15 5.8010 0.0265 1.15294 0.9985 

'From Nakahara et al. (1974). 
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Figure 12. Scatchard plots of experimental data and cor- 
relation results in Figure 11. 

mentioned in the introduction, if steric hindrance exists, no 
adsorption (or adsorption isotherm) is Langmuirian. In other 
words, disregarding other effects, steric hindrance alone can 
produce curvature in the Scatchard plot. As shown in Figure 
12, the previous experimental isotherm data in the form of a 
Scatchard plot does show curvature which is reasonably rep- 
resented by the correlations from Eq. 30. Figure 13 shows the 
general Scatchard plots corresponding to Eq. 31 at different 
values of a (dashed lines), and Eq. 30 (solid lines). 

The Hill plot is also frequently used to identify positive or 
negative cooperativity in adsorption: 

where nu is the Hill coefficient. For noncooperative adsorp- 
tion, as with the Langmuir equation, nu= 1. Depending on the 

0 0  0 2  0 4  0 6  0 8  1 0  
e=s/q. 

Figure 13. Scatchard plots of isotherm form of Eqs. 31 
with a=O, 0.1, 0.5, 1.0, 2.0, and 9.0, 50, and 
03 from top to bottom (----). Solid line shows 
isotherm form of Eq. 30. 
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Figure 14. Hill plots of isotherm form of Eq. 31 with 
(Y = 0, 0.1,0.5,1.0,2.0, and 9.0,50 and 03 from 
top to bottom (----). 
Solid line shows isotherm form of Eq. 30. 

value of nH, an adsorption process is considered to have 
positive (1 <nu) or negative (0< nu< 1) cooperativity (An- 
drade, 1985). Positive cooperativity means that adsorption of 
previous molecules facilitates adsorption of subsequent mol- 
ecules, whereas negative cooperativity implies the opposite. 
From the Hill plots of Eq. 34 at different a values (see Figure 
14) we observe that: the larger the value of a and the higher 
the surface coverage, the smaller the slope (nH), and all the 
slopes are less than 1 except at a=O. Therefore, steric hin- 
drance results in a negative cooperativity, which becomes more 
pronounced as the surface becomes more crowded, or as the 
relative site density increases. 

Summary and Conclusions 
The term 1 - 6 * in the Langmuir equation describes only an 

ideal adsorption system in which solutes adsorb at isolated 
sites, which is not the case for most realistic systems. For any 
system where a solute covers more than one site, the steric 
hindrance effect must be considered in order to describe the 
adsorption process accurately. In this work, various models 
that account for this effect are considered. These kinetic or 
isotherm models are similar to the Langmuir model except that 
the term 1 - B* of the latter is replaced by a general available 
surface function, 4, For irreversible adsorption on a contin- 
uous surface (CS), 4 depends on the surface coverage, while 
for reversible adsorption kinetics it is also a function of the 
K* = k,c/k,. On a random site surface (RSS), 4 is a function 
of the surface coverage and the relative site density, a, for 
irreversible adsorption, and depends in addition on K* when 
the adsorption is reversible. Computer simulation algorithms 
for evaluating 4 either for irreversible or reversible adsorption 
on a CS or on a RSS have been developed. Both kinetic and 
equilibrium data are obtained from the simulations. The ac- 
curacy of various equations proposed for kinetics and iso- 
therms is investigated by comparison with the computer 
simulation results. The equations are then applied to experi- 
mental data correlation. Lysozyrne adsorption on an affinity 
surface has been analyzed using the RSS model, whereas the 
adsorption of ethane and ethylene on activated carbon and 
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carbon molecular sieve were analyzed using the CS model. In 
all cases, good correlation results are obtained. The signifi- 
cance of the models lie not only in their ability to  correlate 
the experimental data more accurately than the Langmuir 
equation, but also in terms of the physical significance of the 
adsorption parameters obtained from the correlation; for ex- 
ample, the maximum adsorption capacity (or jamming limit 
surface coverage). 

More specific conclusions are as follows: 

(1) At low or intermediate coverage, the Langmuir iso- 
therm equation may fit the experimental data, but the estimated 
qm and K are questionable. In general, qm obtained from the 
Langmuir equation correlation is lower than the actual max- 
imum adsorption capacity and, as a result, K is overestimated. 

(2) Continuous rearrangement of the surface configuration 
in a reversible adsorption results in a slow approach to  equi- 
librium, and higher $I at  a fixed 0, and 0 ,  values than those 
for irreversible adsorption. Therefore, a high affinity adsorp- 
tion system requires a long time t o  reach equilibrium. 

(3) To correlate adsorption kinetics, Eq. 29 or 31 is rec- 
ommended, while for isotherm behavior, Eq. 30 gives a better 
result if the surface can be treated as continuous. 

(4) Steric hindrance effects alone result in nonlinear Scat- 
chard and Hill plots with negative cooperativity. 

RSS = random site surface 
t = real adsorption time 

t *  = reduced adsorption time in computer simulation 
T = temperature 

Greek letters 
a = relative site density defined in Eq. 3 

AN = number of solute difference on surface in a time of At  
At  = time interval in one simulation step 
{ = value of a random number 
8 = surface coverage 

8’ = we, 
Oq = surface coverage at equilibrium 
0, = irreversible jamming limit surface coverage on continuous 

surface 
O,(a) = irreversible jamming limit surface coverage on random site 

surface 
[ = constant coefficient 

[” = constant coefficient 
psite = adsorption site density 

u = solute diameter 
6 = available surface function 

beq = available surface function at equilibrium 
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